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(N . 

Abstract The Sagnac effect is a time or phase shift observed between two 

■ beams of Hght traveling in opposite directions in a rotating interferometer. 
CN . We show that the standard description of this effect within the framework of 

■ general relativity misses the effect of deflection of light due to rotational iner- 
^ , tial forces. We derive the necessary modiflcation and demonstrate it through a 

detailed analysis of the square Sagnac interferometer rotating about its sym- 
0^ , metry axis in Minkowski space-time. The role of the time shift in a Sagnac 

interferometer in the synchronization procedure of remote clocks as well as its 
Q i analogy with the Aharanov-Bohm effect are revised. 
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f^J^ Aharanov-Bohm effect 

^ . 1 Introduction 

m 

, Consider a beam of monochromatic light split by a half-silvered mirror in two 

beams, and those two beams directed in a close path around a set of mirrors in 
opposite directions (see Fig.[T]). Subsequently observe the interference pattern 
of the beams emerging out of the half-silvered mirror. If the apparatus is at 
rest with respect to a local reference frame of inertia, the beams will travel 
the same distance at the same speed, so they will arrive at the end point 
simultaneously. If the apparatus is set in rotation, they will no longer arrive 
, , simultaneously. The leading contribution to the arrival time shift At is given 
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by 

4 

cAtKi -A-LJ, (1) 

c 

with A the vector area embraced by the interferometer, a; the angular speed of 
rotation and c the speed of Ught. This was predicted and observed by Sagnac 
in 1913 [Tl[21inil3] Q The interpretation of the Sagnac effect, as weh as the com- 
putation of relativistic corrections to ([1]), have been the subject of endless 
controversies sinceH Nonetheless, compasses of inertia based on this effect are 
today capable of detecting rotation rates as small as 10^^^ radiant per second 
\15]. Its applications are in commercial navigation systems, in Earth rotation 
monitoring 15,16 and might soon provide a direct Earth-bound measure of 
Lense-Thirring frame dragging p7lll8llT9] . Admittedly relativistic corrections 
to H]) are too small to be of practical interest in present applications. Their 
correct evaluation is important in planing future experiments and from the 
theoretical point of view however. On the theoretical side the effect is involved 
in the synchronization procedure of remote clocks '20','21' , provides a gravita- 
tional analogue of the Aharonov-Bohm effect [22,.23.„24.25,26 and a general 
characterization of rotations in general relativity [22] . Up to now its description 
within the framework of general relativity is given as follows; in a stationary 
space-time with coordinates x = (ci,x) and line element ds^ — g ^v{'x)dx^ dx^ , 
the coordinate-time shift At is given by the formula 

cAt = -2 / ^dx\ (2) 
Jc 900 

^ An analogous effect is predicted |5||6][7] and observed [SlIOlllOllITI for matter beams. In 
this paper we focus on the optical Sagnac effect. Analogies and differences with the Sagnac 
effect for matter beams are discussed in section |4] 

Leaving aside claims that the Sagnac effect entails a conflict with the principles of 
relativity, it remains the fact that there is still no full agreement on its explanation in a 
general context. Corrections to the Sagnac formula beyond those linear in uj are still to be 
univocally determined. See e.g. the remarks on p. 145 of |10l . and subsection 2.3 of |12| . See 
also [13] and [H]. 
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with C the closed path traveled by light in the interferometer jf| the proper-time 
shift At, which is the quantity directly related to the phase shift measured at 
the detector, is then obtained as 

At = y/\gao{xdet.)\At, (3) 

with gQo{'x.det.) the 00 metric entry evaluated at detector's position. To the 
leading order ^ reproduces (P), plus relativistic corrections. The proof of 
(21) essentially parallels the computation of the coordinate-time delay in the 
synchronization procedure of a clock transported along a closed pathH More 
sophisticated, but substantially equivalent proofs are given in [^f^ . 
In this paper we would like to point out that equation (2) only provides the 
correct leading order to the time delay in a Saganc interferometer, while it is 
not suitable for the computation of relativistic corrections. This is because of 
the implicit assumption that the two beams propagating in opposite directions 
in a rotating Sagnac interferometer follow an identical path. Nevertheless, in 
a rotating frame of reference, null geodesies connecting different space-time 
points in opposite directions are in general not coincident (see Fig. This 
implies the inadequacy of (O in computing relativistic corrections and the need 
for its revision. In order to obtain an appropriate general relativistic Sagnac 
formula, we go over the derivation of ([2]) and introduce the necessary changes. 
The outcome is considerably less elegant than ^ and no longer describes 
the time delay in a Sagnac interferometer as the circulation of a vector field. 
It nevertheless provides the right mean of performing the computation. To 
demonstrate this in a specific case, we focus on the square Sagnac interferom- 
eter rotating about its axis in Minkowski space-time. We compute the exact 
time shift in an inertial frame of reference and show disagreement with the 
prediction of 1^ and agreement with the prediction of the revised formula. In 
order to estimate relativistic corrections in a realistic case, we then consider 
the square interferometer rotating around a point different from its center. 
Finally, we discuss some implications of the revised formula. 



2 Derivation of Sagnac formula 

Parameterizing the null geodesic followed by cither the clockwise or counter- 
clockwise beam as j{z) — (ci(z),x(z)) with z G [0,^], we have that 



dt\^ ^ dx^ dt dx^ dx^ 



^ The interferometer is at rest in the given coordinates frame. Metric entries do not depend 
on the time-coordinate t. Greek indices ^,u,... range form to 3 while Latin ones 
from 1 to 3. Our signature convention is — , +, +, +. 

* The standard reference is 1271 . where the formula is obtained in relation to the syn- 
chronization of clocks transported along closed paths, without mention to the Sagnac effect. 
With explicit mention to the Sagnac effect, the formula is re-derived with different notations 
and/or particular assumptions in a number of papers. For a recent re-derivation see e.g. |14| . 

^ This effect is automatically taken into account in the general formalism describing the 
split and propagation of light in relativity, developed by S. L. Bazahski I28| . 
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The metric entries goo, goi and gij are evaluated along the null geodesic 7(2) 
or equivalently, given the coordinate-time independence of the metric, along 
the spatial path C{z) = (0,x(z)) followed by the beam in the interferometer. 
The solutions of the above quadratic equation read 

f d.t\ goi dx'' / dx^ dx^ 

\dzj ^ goo dz y I500I dz dz ' 

where — gij — goigoj/goa is the three-dimensional positive definite spa- 
tial metric induced by the space-time metric [2 7) . As usual, we identify the 
positive solution {dt/dz)+ with the counterclockwise beam and the negative 
solution (dt/dz)- with the clockwise beam. At this point, however, we have to 
distinguish between the spatial path C0{z) followed by the counterclockwise 
beam and the spatial path Ccj{z) followed by the clockwise one. The total 
coordinate-time Iq traveled by the counterclockwise beam is then given by 




where dl = yj^ijdx^dx^ is the induced spatial line element. The total coordinate- 
time to traveled by the clockwise beam reads instead 

a^^,f(^\ d^^-cf(^\ dz=i (s^dx^ + ^d^, 

Jz \dzj _ Jo \dzj _ Jc,^ ygoo y^\goo\ J 

with analogous notations. Correspondingly, the coordinate-time shift At = 
to ~ to is obtained as 

cAt = -(f ^dx' - (f ^dx' + (f -^^dl - (f —^dl. (4) 
Jco 900 Jco 900 Jco vlffool Jcq vlffool 

Given the differences in the integration paths, the first two integrals no longer 
sum up as in Q and the third and fourth ones no longer cancel. The proper 
time shift At measured at the detector is again obtained by multiplying At 
by Vl5oo(xciet.)| as in ©. 



3 Square Sagnac interferometer 

In order to demonstrate in a specific case the need for the revision of ([5]), we 
proceed by computing the time shift for the square Sagnac interferometer dis- 
played in figures [1] and [2j rotating about its symmetry axis with angular speed 
uj in Minkowski space-time. This allows us to perform the computation in two 
distinct and independent ways. First, in an inertial frame of reference where 
the interferometer is rotating. This approach does not employ the formalism 
of general relativity and provides us with the exact result to an arbitrary accu- 
racy. Then, we evaluate the same time shift in a non-inertial frame of reference 
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Fig. 2 A square Sagnac interferometer at rest in a non-inertial frame of reference rotating 
about the symmetry axis of the interferometer. The natural rotation parameter ojf/c is set 
to about 0.3. 



where the interferometer is at rest by means of ^ and (U)). The comparison 
with the exact result shows disagreement with the prediction of ([2]) and agree- 
ment with the one of ^ , also displaying the order of magnitude of the various 
contributions. 

Inertial frame of reference. In Figure [1] consider a light pulse emitted at t = 
from the half-silvered mirror toward the upper mirror. In a reference frame 
centered in the interferometer, with left-right oriented horizontal x-axis and 
bottom-up oriented vertical y-axis, we can take the upper mirror to move 
according to 

x{t) = =pfsinwt, y{t) = fcostut, 

where f is the radius of the interferometer and =F refer to counterclockwise, 
resp. clockwise, rotation. Correspondingly the light pulse propagates according 
to 

x(t) — f + ct cos a, y(t)^ctsina, (5) 

with c the speed of light and a the angle of emission measured in counter- 
clockwise versus with respect to the positive direction of the x-axis. After 
introducing the dimensionless quantities 

ct LOf 

z — — and e = — , 
r c 

the match conditions at time t conveniently write as 

f zcosa = — (1 ± sinez) 

\ - ■ - : (6) 

I zsma — cosez 

with z ~ ci/f. Squaring both equations and adding term by term, we have 

z^ = 2(l±sinez). (7) 

This can be solved by a series expansion in the natural parameter e. After 
rescaling, we obtain the times Iq and needed for a light pulse to travel 
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from one mirror to the next in the counterclockwise, resp. clockwise, direction 
as 



t, 



0,0 



V2±. 



V2 2 1 3 
4 ^3 



17^2 

e 

32 



(8) 



For later use we also evaluate the emission angles aQ and Q!q for the coun- 
terclockwise, resp. clockwise, beam, by substituting Iq, resp. t^, back in to 

m 



3 ^ V2 
— TT ± e 

4 2 



1 



V2 



1 



(9) 



2 8 6 

Finally, we obtain the coordinate-time delay At for the square interferometer 
multiplying by four the difference Iq — 



cAt 



1 



1 /■ujr\'^ 19 /wr\* 
3 \~c) ^ 30 vTJ 



(10) 



The corresponding proper-time delay is obtained by further multiplying At by 



the relativistic factor a/1 



^det 



/c^, with Vdet. = i^fdet. the constant speed of 



the detector and r^et. its radial position. By assuming rdet. — r we obtain 



cAt 



5 fLjjr\^ 

6 vT 



71 /a;f\4 
120 \~) 



(11) 



The leading term is the original Sagnac term, given by four times the area 
enclosed by the light path, times the angular speed w, divided by the squared 
speed of light. The remaining terms are tiny corrections, relevant from a the- 
oretical point of view but hardly detectable experimentally. As a concrete ex- 
ample, let us imagine to place the large ring laser G in Wettzell on a turntable. 
This interferometer has now reached a theoretical sensitivity Auj ~ 10~^^rad/s 
and f ~ 3m [15 . Setting G in rotation at the realistic angular speed of 
uj ~ Irad/s one obtains a relative sensitivity Alu/uj ~ 10^^^. This is some four 
order of magnitude below the relative sensitivity Alj/lo = | (^) ~ 10^^^, 
needed for the detection of relativistic corrections. Relativistic effects become 
visible at an angular speed lo ~ 30rad/s. 



Non-inertial frame of reference. We now repeat the computation in the frame- 
work of general relativity first by means of ([2]) and then by means of ([4]). We 
start by transforming to a rotating frame of reference where the interferometer 
is at rest [55] 

t —?■ t, r —i' r, (j) (j) - Ljt. (12) 
In the new coordinates the line element reads 

ds^ = - M - — ^ j c^dt^ + dr^ + r^dcf^ + 2u:r'^dtd(j), 
whence the metric entries gu, Srr, g<p<p and gt^. We then apply the formulas 
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(12): In order to apply we parameterize the Euclidean straight segment 
connecting the half-silvered mirror with the upper mirror as 



r{w) 



1 



4>iw) — arctan (w) 



with w G [0, +00). Substitution in gtcf,/ gtt • d4>/dw, expansion in e, integra- 
tion in dw form to +00 and multiplication by 4, leads to the coordinate- 
time shift 



cAt = -2 



c 9tt 



i + sIt) +i5(t) 



(13) 



As expected, the expansion fails to reproduce PH)) already at the next-to- 
leading order because light pulses do not propagate along straight segments 
in the co-moving frame of reference. 
(HI): In order to apply (HJ, we compute the paths effectively followed by the 
counterclockwise and clockwise beams (see Fig. [5]) by solving the corre- 
sponding geodesies equations or, equivalently, by transforming ^ to ro- 
tating coordinates by means of ([T^. We obtain 



r{z) ~ r\Jl + 2z cos a -f- 



arctan 



zsma 



1 



z cos a 



with z G [0,z], =F again referring to the counterclockwise, resp. clockwise 
beam, and a, z resp. equal to a^, pt^ or aj), ^i^. As above, substitution 
in gt(j,/gtt • dtjj/dz, expansion in e, integration in dz form to z and multi- 
plication by four allows to compute the first two integrals appearing in (|3|) 
as 



Co 9tt 



Co 9tt 



1 rLLir\^ 11 /wr 

3 vTJ "sow 



(14) 



7rr d^r I 7i»i» d?<l> 
\gtt \ dz'^ ' \gtt \ dz'^ 

we evaluate the third and fourth integrals as 



Analogously, by substituting in 



, expanding in e, etc. 




4 /ojr 
15 \~c 



(15) 



The first two terms of ([TU|) correspond to the leading and next-to-leading 
order terms of (I14p . while higher order terms are correctly reproduced 
only when ([T5|) is added. In accordance with the revised formula (|4]), the 
sum of (fH)) plus (IT5|) predicts the correct coordinate-time shift ([TU)) and 
consequently the correct proper-time shift (jlll) for the rotating square in- 
terferometer. This is due to the different paths followed by the counter 
propagating beams being correctly taken into account. 
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In order to estimate relativistic corrections in a more realistic situation, 
we consider a square interferometer rotating with angular speed w around a 
point different from its center. This might be an interferometer located on 
Earth's surface on the plane parallel to the equatorial plane. It should be 
noted, that due to the lack of symmetry there is no longer guarantee that the 
paths followed by the two counter propagating rays coincide at each mirror. 
Correspondingly, the two Sagnac loops no longer exactly close as in figures [T] 
and [2] This possible source of error can be avoided by replacing the Sagnac in- 
terferometer with a Mach-Zehnder interferometer. The two components of the 
original beam follow then independent equal length paths that can be sepa- 
rately tuned (see Fig.|3]). The time delay is half of the one measured in a Sagnac 
interferometer. Its analytical value is again given by divided by two. The 
first two integrals combine now in the synchronization gap / goi/ goodx'^ , com- 
puted along the union of the two paths effectively followed by light beams. The 
third and fourth integral still provide a small but non-vanishing contribution 
extraneous to the synchronization gap. By proceeding as above, we obtain the 
coordinate-time delay 



cAt = 




with R the distance of the interferometer form the center of rotation and V2r 
its side. Assuming r^et. — R the corresponding proper-time delay is then given 

Whereas the leading Sagnac time delay does not depend on the position of the 
center of rotation, relativistic corrections do. On the one side this has the effect 
of amplifying the order of the first correction from (wf/c)^ to the generally 
much larger [ujR/c) . For Earth's rotation R ~ 6.4 x lO^'m and lo ~ 0.7 x 
lO^^rad/s. The detection of relativistic corrections requires therefore a relative 
sensitivity Alj/oj = i (^) — 1-1 x 10^^^. Still four order of magnitude from 
the relative sensitivity of 10^* of the large ring laser G in Wettzell [TS|, but 
just one order of magnitude from the promised value of 10~^^ of the multi- 
ring-laser gyroscope designed for the measurement of the Lense-Thirring drag 
at 1% |19_. On the other side, the dependence on R opens to the theoretical 
possibility of a direct measure of the radius of rotation. This would allow the 
realization of an absolute (non barometric) altimeter, a tool of extraordinary 
importance in navigation systems and geophysical applications. 

4 Discussion 

We have shown that the correct treatment of deflection of light due to rota- 
tional inertial forces, requires a slight revision of the general relativistic Sagnac 
formula. The corrections involved are too small — second and higher order in 
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Fig. 3 A square Mach-Zehnder interferometer rotating around a point different from its 
center. In presence of rotation the two counter-propagating beams can be re-directed to the 
detector by adjusting the orientation of the two mirrors. 

the rotation parameter — to be of practical interest in present applications. 
However, their correct evaluation is important from a theoretical point of 
view. In this respect a few observations are in order. 

In discussing relativistic corrections to the Sagnac formula ([T|) most authors 
consider the propagation of light along a given curved path. In general a cir- 
cular path. The underlying idea is that any curved path can be approximated 
with arbitrary accuracy by a polygonal path, realized for example by an op- 
tical fiber. While this limiting procedure makes perfect sense in mathematics, 
it necessarily stops at wavelength scales in the physical reality. Moreover, the 
wave propagation in a curved wave-guide is only effectively free. Extrinsic cur- 
vature, torsion and other constraint corrections |30' are in general much larger 
than the tiny relativistic corrections. As a consequence equation (2) is not 
suitable for the computation of relativistic corrections to the leading Sagnac 
term, neither for loop interferometers, as proven in this paper, nor for fiber- 
optic gyroscopes. Correspondingly the time delay in a Sagnac interferometer 
does not exactly correspond to the delay accumulated by a clock transported 
along an arbitrary closed path described by ([2]) i ^ [?T j . The crucial difference 
is that in the latter case light signals are assumed to travel back and forth 
infinitesimally closed points: one first takes the difference between [dt/dz]^ 
and (dt/dz)^ and then integrates over the path. In the Sagnac effect instead, 
light travels a finite path: one first integrates (over different paths) and then 
takes the difference of the results. 

Next, we would like to comment on the analogy between the Sagnac effect in 
general relativity and the Aharanov-Bohm effect in quantum mechanics |22[ 
EH I IM I I ^ I ^ . As it is well known ^Tjl^, the Sagnac effect as described by @ 
is not a fully topological effect as the Aharanov-Bohm effect. This because the 
Coriolis- force field associated to the vector potential Ai = goi /goo is in general 
non-vanishing. Nonetheless, the way the circulation of the vector potential 
affects the wave phase in the two effects is identical. However, our analysis 
shows that f Aidx^ only describes the leading contribution to the time shift 
in a Saganc interferometer. The exact expression no longer writes as the cir- 
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culation of a vector field. The contribution of the third and fourth integrals in 
(HI) is in general very small, but not vanishing. Correspondingly, the analogy 
between the Aharanov-Bohm effect and the phase shift in a Sagnac interfer- 
ometer is broken by relativistic corrections. 

Finally, we remark that the considerations presented in this paper regard- 
ing the optical Sagnac effect, equally apply to the Sagnac effect for matter 
beams propagating with a subluminal speed v [51I51[71[51I^ [TU1[TT] . As for light 
beams, geodesies followed by matter particles traveling in opposite directions 
in a rotating frame are different. This effect needs to be taken into account in 
equal footing. Moreover, since the difference between clockwise and counter- 
clockwise propagating paths increases by decreasing the particles speed, one 
should expect larger corrections. On dimensional grounds, besides terms pro- 
portional to oj^/c^ (see Eq. (fT7|) '). one should expect extra terms going as 
lJ^ fv^c^ and lo^ jv"^ . Preliminary computations confirm this expectation. These 
terms are larger than the corrections for light beams. For sufficiently slow par- 
ticles they might become comparable and even larger than the classical Sagnac 
time shift. 
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